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Devwudfw

Lq wklv sdshu orqj0uxq iruhfdvwlqj lq pxowl0 dqg sro|qrpldoo| frlqwhjudwhg prghov lv lqyhvwljdwhg1

Lw lv vkrzq wkdw wkh uhvxow ri Fkulvwr�huvhq dqg Glherog +4<<;, ghulyhg iru LE�� frlqwhjudwlqj prghov

jhqhudol}hv wr pxowl0 dqg sro|qrpldoo| frlqwhjudwlqj v|vwhpv1 Wkdw lv/ lq whupv ri wkh wudfh phdq

vtxduhg iruhfdvw huuru fulwhulrq/ lpsrvlqj wkh pxowl0 dqg sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv grhv

qrw ohdg wr lpsuryhg orqj0uxq krul}rq iruhfdvw dffxudf| zkhq frpsduhg wr iruhfdvwv jhqhudwhg iurp

wkh xqlyduldwh uhsuhvhqwdwlrqv ri wkh v|vwhp yduldeohv1 Krzhyhu/ zkhq rqh hpsor|v d orvv ixqfwlrq

ghulyhg iurp wkh wuldqjxodu uhsuhvhqwdwlrqv ri wkh +sro|qrpldoo|0, frlqwhjudwlqj v|vwhpv/ jdlqv lq

iruhfdvwdelolw| duh dfklhyhg iru v|vwhp iruhfdvwv dv rssrvhg wr wkh xqlyduldwh iruhfdvwv1 Wkh sdshu

kljkoljkwv wkh lpsruwdqfh ri fduhixoo| vhohfwlqj orvv ixqfwlrqv lq iruhfdvw hydoxdwlrq ri frlqwhjudwlqj

v|vwhpv1

Nh|zrugv= Iruhfdvwlqj/ YDU prghov/ Pxowlfrlqwhjudwlrq/ Sro|qrpldo Frlqwhjudwlrq1

MHO Fodvvl�fdwlrq Frghv= F65/ F861

=Xqlyhuvlw| ri Ddukxv/ Ghsduwphqw ri Hfrqrplfv/ Exloglqj 659/ r!fh 458/ GN0;333 Ddukxv F/ Ghqpdun/ hpdlo=

evlolyhuvwryvChfrq1dx1gn/ +fruuhvsrqglqj dxwkru,
gWkh Ddukxv Vfkrro ri Exvlqhvv/ Ghsduwphqw ri Ilqdqfh/ Ixjohvdqjv Dooì 7/ GN0;543 Ddukxv Y/ Ghqpdun/ hpdlo=

wrpCdve1gn

8Xqlyhuvlw| ri Ddukxv/ Ghsduwphqw ri Hfrqrplfv/ Exloglqj 659/ r!fh 54:/ GN0;333 Ddukxv F/ Ghqpdun/ hpdlo=

qkdoguxsChfrq1dx1gn



5

� �������	�
��

Dvvhvvlqj wkh iruhfdvwlqj shuirupdqfh ri hfrqrphwulf prghov lv dq lpsruwdqw lqjuhglhqw lq hydoxdwlqj

vxfk prghov1 Lq pxowlyduldwh prghov frqwdlqlqj qrq0vwdwlrqdu| yduldeohv/ frlqwhjudwlrq pd| eh wkrxjkw

wr sod| d nh| uroh lq dvvhvvlqj iruhfdvwlqj delolw|/ hvshfldoo| ryhu orqj krul}rqv/ ehfdxvh frlqwhjudwlrq

fdswxuhv wkh orqj0uxq frpryhphqw ri wkh yduldeohv1 Vhyhudo vwxglhv kdyh lqyhvwljdwhg wkh iruhfdvwlqj

surshuwlhv ri frlqwhjudwhg prghov1 Hqjoh dqg \rr +4<;:, pdnh d vpdoo Prqwh Fduor vwxg| zkhuh wkh|

frpsduh phdq0vtxduhg iruhfdvw huuruv iurp d YDU lq ohyhov/ zklfk lpsrvhv qr frlqwhjudwlrq/ wr iruhfdvwv

iurp d fruuhfwo| vshfl�hg huuru0fruuhfwlrq prgho +HFP,/ zklfk lpsrvhv frlqwhjudwlrq/ dqg wkh| �qg wkdw

orqjhu0uxq iruhfdvwv iurp wkh HFP duh pruh dffxudwh1 Wklv uhvxow vxssruwv wkh deryh lqwxlwlrq wkdw

lpsrvlqj frlqwhjudwlrq jlyhv ehwwhu orqj0krul}rq iruhfdvwv iru yduldeohv wkdw duh wlhg wrjhwkhu lq wkh orqj

uxq1 Krzhyhu/ vxevhtxhqw uhvhdufk kdv vrphzkdw txhvwlrqhg dqg vxevhtxhqwo| prgl�hg wklv � dw wkh �uvw

jodqfh dsshdolqj � frqfoxvlrq1

Dffruglqj wr Fkulvwr�huvhq dqg Glherog +4<<;,/ wkh grxewv rq wkh xvhixoqhvv ri frlqwhjudwlqj uhvwulf0

wlrqv rq wkh orqj0uxq iruhfdvwv duh uhodwhg wr wkh iroorzlqj frqmhfwxuh1 Wkh lpsuryhg suhglfwlyh srzhu

ri frlqwhjudwlqj v|vwhpv frphv iurp wkh idfw wkdw ghyldwlrqv iurp wkh frlqwhjudwlqj uhodwlrqv whqg wr eh

holplqdwhg1 Wkxv/ wkhvh ghyldwlrqv frqwdlq xvhixo lqirupdwlrq rq wkh olnho| ixwxuh hyroxwlrq ri wkh frlqwh0

judwlqj v|vwhp zklfk fdq eh h{sorlwhg wr surgxfh vxshulru iruhfdvwv zkhq frpsduhg wr wkrvh pdgh iurp

prghov wkdw rplw frlqwhjudwlqj uhvwulfwlrqv1 Krzhyhu/ vlqfh wkh orqj0uxq iruhfdvw ri wkh frlqwhjudwlqj whup

lv dozd|v }hur/ wklv xvhixo lqirupdwlrq lv rqo| olnho| wr eh h�hfwlyh zkhq wkh irfxv olhv rq surgxflqj wkh

vkruw0uxq iruhfdvwv1 Khqfh/ dw ohdvw iurp wklv srlqw ri ylhz/ xvhixoqhvv ri lpsrvlqj frlqwhjudwlqj uhodwlrqv

iru surgxflqj orqj0uxq vxshulru iruhfdvwv fdq eh txhvwlrqhg1

Fohphqwv dqg Khqgu| +4<<8, frpsduh phdq0vtxduhg huuru iruhfdvwv iurp d fruuhfwo| vshfl�hg HFP

wr iruhfdvwv iurp erwk dq xquhvwulfwhg YDU lq ohyhov dqg d plvvshfl�hg YDU lq �uvw0gl�huhqfhv +GYDU,

zklfk rplwv frlqwhjudwlqj uhvwulfwlrqv suhvhqw dprqj wkh yduldeohv1 Wkh| �qg wkdw wkh iruhfdvwlqj vxsh0

ulrulw| ri wkh prgho wkdw fruuhfwo| lpsrvhv wkhvh frlqwhjudwlqj uhvwulfwlrqv klqjhv fuxfldoo| rq zkhwkhu

wkh iruhfdvwv duh iru wkh ohyhov ri wkh yduldeohv/ wkhlu �uvw0gl�huhqfhv/ ru wkh frlqwhjudwlqj uhodwlrqvkls

ehwzhhq wkh yduldeohv1 Wkh| vkrz wkdw wklv gl�huhqfh lq udqnlqjv iru dowhuqdwlyh |hw lvrprusklf uhsuhvhq0

wdwlrqv ri wkh yduldeohv lv gxh wr wkh phdq0vtxduhg iruhfdvw huuru +PVIH, fulwhulrq qrw ehlqj lqyduldqw

wr qrqvlqjxodu/ vfdoh0suhvhuylqj olqhdu wudqvirupdwlrqv ri wkh prgho14 Lq sduwlfxodu/ wkh| vkrz wkdw wkh

iruhfdvwv iurp wkh HFP prgho duh qrw vxshulru wr wkrvh pdgh iurp wkh GYDU prgho dw doo exw wkh

vkruwhvw iruhfdvw krul}rqv zkhq wkh �uvw0gl�huhqfhv ri L+4, yduldeohv zhuh iruhfdvwhg1

Fkulvwr�huvhq dqg Glherog +4<<;, frpsduh phdq0vtxduhg huuru iruhfdvwv ri wkh ohyhov ri L+4, yduldeohv

4Fohphqwv dqg Khqgu| +4<<6, vxjjhvw dq dowhuqdwlyh phdvxuh wkdw lv lqyduldqw wr vfdoh0suhvhuylqj olqhdu wudqvirupdwlrqv

ri wkh gdwd= wkh jhqhudol}hg iruhfdvw huuru vhfrqg prphqw +JIHVP, phdvxuh1

VE



6

iurp d wuxh frlqwhjudwhg YDU wr iruhfdvwv iurp fruuhfwo| vshfl�hg xqlyduldwh uhsuhvhqwdwlrqv/ dqg wkh|

vlploduo| �qg wkdw lpsrvlqj frlqwhjudwlrq grhv qrw lpsuryh orqj0krul}rq iruhfdvw dffxudf|1 Wkxv/ lw

dsshduv wkdw wkh vlpsoh xqlyduldwh iruhfdvwv duh mxvw dv dffxudwh dv wkh pxowlyduldwh iruhfdvwv zkhq

mxgjhg xvlqj wkh orvv ixqfwlrq edvhg rq wkh PVIH1 Wkh| dujxh wkdw wklv dssduhqw sdudgr{ lv gxh wr wkh

idfw wkdw wkh vwdqgdug PVIH fulwhulrq idlov wr ydoxh wkh orqj0uxq iruhfdvwv* kdqjlqj wrjhwkhu fruuhfwo|1

Orqj0krul}rq iruhfdvwv iurp wkh frlqwhjudwhg YDU dozd|v vdwlvi| wkh frlqwhjudwlqj uhvwulfwlrqv h{dfwo|/

zkhuhdv wkh orqj0krul}rq iruhfdvwv iurp wkh xqlyduldwh prghov gr vr rqo| rq dyhudjh/ exw wklv glvwlqfwlrq lv

ljqruhg lq wkh PVIH fulwhulrq1 Fkulvwr�huvhq dqg Glherog vxjjhvw dq dowhuqdwlyh fulwhulrq wkdw h{solflwo|

dffrxqwv iru wklv ihdwxuh1 Wkh fulwhulrq lv edvhg rq wkh wuldqjxodu uhsuhvhqwdwlrq ri frlqwhjudwhg v|vwhpv

+vhh Fdpsehoo dqg Vkloohu/ 4<;:/ dqg Skloolsv/ 4<<4,1 Wkh yluwxh ri wklv fulwhulrq lv wkdw lw dvvhvvhv iruhfdvw

dffxudf| lq wkh frqyhqwlrqdo �vpdoo PVIH� vhqvh/ exw dw wkh vdph wlph lw pdnhv ixoo xvh ri wkh lqirupdwlrq

lq wkh frlqwhjudwlqj uhodwlrqvklsv dprqjvw wkh yduldeohv1 Xvlqj wklv qhz iruhfdvw fulwhulrq/ wkh| lqghhg

�qg wkdw dw orqj krul}rqv wkh iruhfdvwv iurp wkh frlqwhjudwhg YDU duh vxshulru wr wkh xqlyduldwh iruhfdvwv1

Wkh sxusrvh ri wkh suhvhqw sdshu lv wzrirog1 Iluvw ri doo/ zh h{whqg wkh dqdo|vlv ri Fkulvwr�huvhq dqg

Glherog wr wkh fdvh zkhuh wkh yduldeohv xqghu vwxg| qrw rqo| reh| frlqwhjudwlqj uhodwlrqvklsv/ exw dovr

reh| fhuwdlqpxowlfrlqwhjudwlqj uhvwulfwlrqv1 Pxowlfrlqwhjudwlrq zdv ruljlqdoo| gh�qhg e| Judqjhu dqg Ohh

+4<;</ 4<<4, dqg uhihuv wr wkh fdvh zkhuh wkh xqghuo|lqj L+4, yduldeohv duh frlqwhjudwhg lq wkh xvxdo vhqvh

dqg zkhuh/ lq dgglwlrq/ wkh fxpxodwhg frlqwhjudwlrq huuruv frlqwhjudwh zlwk wkh ruljlqdo L+4, yduldeohv1

Wkxv/ hvvhqwldoo| wkhuh duh wzr ohyhov ri frlqwhjudwlrq dprqjvw wkh yduldeohv1 Pxowlfrlqwhjudwlrq lv d yhu|

frqyhqlhqw zd| ri prgholqj wkh lqwhudfwlrqv ehwzhhq vwrfn dqg  rz yduldeohv1 Judqjhu dqg Ohh frqvlghuv

wkh fdvh zkhuh wkh wzr L+4, yduldeohv= surgxfwlrq/ |w/ dqg vdohv/ {w/ frlqwhjudwh/ vxfk wkdw lqyhqwru|

lqyhvwphqwv/ }w/ duh vwdwlrqdu|/ }w � |w � �{w � L+3,/ exw zkhuh wkh fxpxodwlrq ri lqyhqwru| lqyhvwphqw/

Lw � 	w
m@4}m / l1h1 wkh ohyho ri lqyhqwrulhv +zklfk lv wkhq dq L+4, vwrfn yduldeoh,/ lq wxuq frlqwhjudwhv zlwk

hlwkhu |w ru {w> ru erwk ri wkhp1 Dqrwkhu h{dpsoh/ dqdo|}hg e| Ohh +4<<5, dqg Hqjvwhg dqg Kdoguxs

+4<<<,/ lv zkhuh |w lv qhz krxvlqj xqlwv vwduwhg/ {w lv qhz krxvlqj xqlwv frpsohwhg/ }w lv xqfrpsohwhg

vwduwv/ dqg khqfh Lw lv krxvlqj xqlwv xqghu frqvwuxfwlrq1 Ohdfkpdq +4<<9,/ dqg Ohdfkpdq dqg Iudqflv

+5333, surylgh h{dpsohv ri pxowlfrlqwhjudwlqj v|vwhpv zlwk jryhuqphqw uhyhqxhv dqg h{shqglwxuhv/ dqg

d frxqwu|*v h{sruw dqg lpsruw/ uhvshfwlyho|1 Khuh wkh vwrfn yduldeoh lv gh�qhg dv wkh jryhuqphqw ghew

+vxusoxv, dqg wkh frxqwu|*v h{whuqdo ghew +vxusoxv,/ vxfk wkdw hdfk yduldeoh lv wkh fxpxodwhg vhulhv ri sdvw

jryhuqphqw dqg wudgh gh�flwv/ uhvshfwlyho|1 \hw dqrwkhu h{dpsoh lv surylghg e| Vlolyhuvwryv +5334, zkr

dqdo|}h frqvxpswlrq dqg lqfrph/ dqg zkhuh fxpxodwhg vdylqjv +l1h1 wkh fxpxodwlrq ri wkh frlqwhjudwlqj

uhodwlrqvkls ehwzhhq lqfrph dqg frqvxpswlrq, frqvwlwxwhv zhdowk/ zklfk frlqwhjudwhv zlwk frqvxpswlrq

dqg lqfrph1 Lq jhqhudo/ pxowlfrlqwhjudwlrq fdswxuhv wkh qrwlrq ri lqwhjudo frqwuro lq g|qdplf v|vwhpv/

vhh/ iru h{dpsoh/ Khqgu| dqg yrq Xqjhuq Vwhuqehuj +4<;4, lqwhu dold1
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Whvwlqj iru pxowlfrlqwhjudwlrq/ dqg hvwlpdwlrq ri prghov zlwk pxowlfrlqwhjudwlqj uhvwulfwlrqv/ duh prvw

qdwxudoo| frqgxfwhg zlwklq dq L+5, frlqwhjudwlrq iudphzrun/ vhh Hqjvwhg/ Jrq}dor dqg Kdoguxs +4<<:,/

Kdoguxs +4<<<,/ Hqjvwhg dqg Mrkdqvhq +4<<<,/ dqg Hqjvwhg dqg Kdoguxs +4<<<,1 Lq wkh suhvhqw sdshu

zh lqyhvwljdwh krz wkh suhvhqfh ri pxowlfrlqwhjudwlrq d�hfwv iruhfdvwlqj frpsdulvrqv1 Lq sduwlfxodu/ zh

vhw xs d prgho wkdw frqwdlqv erwk frlqwhjudwlqj dqg pxowlfrlqwhjudwlqj uhvwulfwlrqv/ dqg wkhq zh h{dplqh

krz iruhfdvwv iurp wklv pxowlfrlqwhjudwhg v|vwhp frpsduhv wr xqlyduldwh iruhfdvwv1 Wkh frpsdulvrq lv

grqh lq whupv ri +wudfh, phdq0vtxduhg iruhfdvw huuruv/ exw zh iroorz Fkulvwr�huvhq dqg Glherog +4<<;,

lq xvlqj erwk d vwdqgdug orvv ixqfwlrq dqg d orvv ixqfwlrq edvhg rq wkh wuldqjxodu uhsuhvhqwdwlrq ri wkh

frlqwhjudwlqj v|vwhp1

Vhfrqgo|/ zh h{whqg wkh dqdo|vlv ri Fkulvwr�huvhq dqg Glherog +4<<;, wr wkh fdvh zkhq iruhfdvwlqj lv

xqghuwdnhq lq vr fdoohg sro|qrpldoo| frlqwhjudwlqj v|vwhpv/ zkhuh wkh ruljlqdo L+5, yduldeohv frlqwhjudwh

zlwk wkhlu �uvw gl�huhqfhv5 1 Khqfh/ wkh iruhfdvwlqj ri L+5, yduldeohv frqvwlwxwhv wkh sulpdu| lqwhuhvw

lq wkh sro|qrpldoo| frlqwhjudwlqj v|vwhpv1 H{dpsohv ri sro|qrpldoo| frqwhjudwlqj v|vwhpv kdyh ehhq

jlyhq lq Udkehn/ Nrqjvwhg/ dqg Mûujhqvhq +4<<<,/ dqg Edqhumhh/ Frfnhuhoo/ dqg Uxvvhoo +5334,/ lqwhu

dold1 Udkehn hw1 do1 +4<<<, �qg d sro|qrpldoo| frlqwhjudwlqj uhodwlrq lq d XN prqh| ghpdqg gdwd vhw/

zklfk lqyroyhv erwk ohyhov dqg �uvw gl�huhqfhv ri wkh ruljlqdo L+5, yduldeohv uhsuhvhqwhg e| wkh orjdulwkplf

wudqvirupdwlrq ri qrplqdo prqh| dqg qrplqdo sulfhv ohyhov1 Edqhumhh hw1 do1 +5334, dqdo|vh wkh v|vwhp

ri L+5, yduldeohv zklfk frqvlvwv ri wkh qrplqdo sulfh ohyho dqg xqlw oderxu dqg lpsruw frvwv/ h{suhvvhg

lq orjdulwkpv1 Wkh| �qg wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrq ehwzhhq wkh pdunxs � gh�qhg dv d

sduwlfxodu olqhdu frpelqdwlrq ehwzhhq wkh sulfh ohyho dqg frvwv � rq wkh rqh kdqg/ dqg wkh lq dwlrq

udwh/ rq wkh rwkhu kdqg1 Dv lq wkh vhfwlrq rq iruhfdvwlqj lq pxowlfrlqwhjudwlqj v|vwhpv/ zh frpsduh

wkh iruhfdvwlqj shuirupdqfh ri wkh prgho wkdw lpsrvhv wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv zlwk

wkh iruhfdvwv pdgh iurp wkh fruuhfwo| vshfl�hg xqlyduldwh prghov iru wkh L+5, yduldeohv1 Zh xvh wkh

orvv ixqfwlrq edvhg rq wkh PVIH dv zhoo dv wkh orvv ixqfwlrq edvhg rq wkh wuldqjxodu uhsuhvhqwdwlrq ri

wkh sro|qrpldoo| frlqwhjudwlqj yduldeohv1 Wkh odwwhu orvv ixqfwlrq wdnhv lqwr dffrxqw wkh idfw wkdw wkh

v|vwhp orqj0uxq iruhfdvwv pdlqwdlq wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv h{dfwo| dv rssrvhg wr wkh

wkhlu xqlyduldwh frpshwlwruv/ zklfk vdwlvi| wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv rqo| rq dyhudjh1 Wkh

iruphu orvv ixqfwlrq idlov wr dfnqrzohgjh vxfk d glvwlqfwlrq ehwzhhq wkh v|vwhp dqg xqlyduldwh iruhfdvwv1

Rxu prvw lpsruwdqw uhvxowv fdq eh vxppdul}hg dv iroorzv1 Iluvw/ zh �qg wkdw wkh jhqhudo uhvxow ri

Fkulvwr�huvhq dqg Glherog ghulyhg iru wkh frlqwhjudwlqj prghov fduulhv ryhu wr pxowlfrlqwhjudwhg dv zhoo

dv sro|qrpldoo| frlqwhjudwhg prghov1 Edvhg rq wkh wudglwlrqdo PVIH fulwhulrq/ orqj0krul}rq iruhfdvwv

5Revhuyh wkdw ghvslwh wkh idfw wkdw wkh lqihuhqfh dqg dqdo|vlv ri pxowlfrlqwhjudwhg dv zhoo dv sro|qrpldoo| frlqwhjudwhg

v|vwhpv duh whfkqlfdoo| wkh vdph/ zh fkrrvh wr nhhs wklv glvwlqfwlrq lq whuplqrorj|1 Zh uhihu wr wkh pxowlfrlqwhjudwlqj v|vwhp

zkhq ghdolqj zlwk ruljlqdo LE�� yduldeohv dqg lwv uhvshfwlyh fxpxodqwv1 Rq wkh rssrvlwh/ wkh sro|qrpldoo| frlqwhjudwhg v|vwhp

lv uhihuuhg wr zkhq ghdolqj zlwk ruljlqdo LE2� yduldeohv dqg lwv �uvw gl�huhqfh wudqvirupdwlrq1
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iurp wkh pxowl0 dqg sro|qrpldoo| frlqwhjudwhg v|vwhpv duh irxqg qrw wr eh vxshulru wr vlpsoh xqlyduldwh

iruhfdvwv1 Krzhyhu/ edvhg rq wkh wuldqjxodu PVIH fulwhulrq wkh v|vwhp iruhfdvwv duh fohduo| vxshulru wr

wkh xqlyduldwh iruhfdvwv1 Vhfrqg/ zh �qg wkdw li irfxv lv rq iruhfdvwlqj wkh ruljlqdo L+4, yduldeohv ri wkh

v|vwhp/ qrwklqj lv orvw e| ljqrulqj wkh pxowlfrlqwhjudwlqj surshuw| ri wkh v|vwhp zkhq hydoxdwlqj lwv

iruhfdvwlqj shuirupdqfh= dowkrxjk wkh iruhfdvwv duh frqvwuxfwhg iurp wkh fruuhfwo| vshfl�hg pxowlfrlqwh0

judwhg prgho/ zkhq hydoxdwlqj wkhvh iruhfdvwv/ rqh fdq mxvw xvh Fkulvwr�huvhq dqg Glherog*v wuldqjxodu

PVIH phdvxuh wkdw lqfoxghv wkh �uvw od|hu ri frlqwhjudwlrq exw h{foxghv wkh vhfrqg od|hu ri frlqwhjud0

wlrq uhsuhvhqwhg e| wkh pxowlfrlqwhjudwlqj uhodwlrq1 Wkh h{sodqdwlrq lv wkdw wkh orqj0uxq iruhfdvwv ri

wkh pxowlfrlqwhjudwlqj L+4, yduldeohv pdlqwdlq wkh frlqwhjudwlqj exw qrw wkh pxowlfrlqwhjudwlqj uhodwlrqv1

Khqfh/ lw vhhpv dssursuldwh wr hydoxdwh wkh orqj0uxq iruhfdvwlqj shuirupdqfh ri wkh pxowlfrlqwhjudwlqj

v|vwhp xvlqj wkh orvv ixqfwlrq ri Fkulvwr�huvhq dqg Glherog/ zklfk lq sduwlfxodu ydoxhv pdlqwdlqdqfh ri

wkh frlqwhjudwlqj uhodwlrqv lq wkh orqj0uxq1 Wklug/ li irfxv lv rq iruhfdvwlqj wkh L+5, yduldeohv ri wkh v|vwhp

wkhq iruhfdvwv vkrxog eh edvhg rq wkh sro|qrpldoo| frlqwhjudwlqj v|vwhp/ dqg lq hydoxdwlqj wkh iruhfdvwv

rqh vkrxog xvh dq h{whqghg wuldqjxodu PVIH fulwhulrq/ zklfk h{solflwo| dfnqrzohgjhv wkh pdlqwdlqdqfh

ri wkh sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv dprqjvw wkh orqj0uxq v|vwhp iruhfdvwv1

Revhuyh wkdw gxh wr wkh idfw wkdw rxu sulpdu| lqwhuhvw lv rq wkh sduwlfxodu g|qdplf fkdudfwhulvwlfv ri

pxowl0 dqg sro|qrpldo frlqwhjudwlrq zlwk uhvshfw wr iruhfdvwlqj/ zh devwudfw iurp hvwlpdwlrq lvvxhv dqg

khqfh dvvxph nqrzq sdudphwhuv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh vhw xs wkh pxowl� dqg sro|qrpldoo|

frlqwhjudwlqj v|vwhpv xvhg lq wkh vxevhtxhqw dqdo|vlv1 Dovr/ zh ghulyh wkh fruuhvsrqglqj xqlyduldwh

uhsuhvhqwdwlrqv ri wkh v|vwhp yduldeohv1 Vhfwlrqv 6 dqg 7 glvfxvv wkh orqj0uxq iruhfdvwlqj lq wkh pxowl�

dqg sro|qrpldoo| frlqwhjudwlqj v|vwhpv/ uhvshfwlyho|1 Vhfwlrq 8 looxvwudwhv rxu �qglqjv xvlqj d qxphulfdo

h{dpsoh dqg wkh �qdo vhfwlrq frqfoxghv1

� ���
� ��� ������
�� 	�
�������
�� �������

Lq wklv vhfwlrq zh gh�qh pxowlfrlqwhjudwlqj dqg sro|qrpldoo| frlqwhjudwlqj prghov dqg ghulyh wkh fru0

uhvsrqglqj xqlyduldwh uhsuhvhqwdwlrqv ri wkh v|vwhp yduldeohv1 Wr hdvh wkh h{klelwlrq zh hpsor| wkh

vlpsohvw prghov zlwk uhohydqw pxowl� dqg sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv1

VE
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��� ���
	�
�������
�� �������

Iluvw/ zh dgguhvv d prgho lqfrusrudwlqj pxowlfrlqwhjudwlqj uhvwulfwlrqv1 Frqvlghu wkh wzr L+4, yduldeohv/

{w dqg |w> wkdw reh| d frlqwhjudwlqj uhodwlrq

|w � �{w � L +3, > +4,

vxfk wkdw wkh fxpxodwhg frlqwhjudwlrq huuru

w[

m@4

+|m � �{m, � L +4,

lv dq L+4, yduldeoh e| frqvwuxfwlrq6 1 Zh uhihu wr wkh v|vwhp dv pxowlfrlqwhjudwlqj zkhq wkhuh h{lvwv d

vwdwlrqdu| olqhdu frpelqdwlrq ri wkh fxpxodwhg frlqwhjudwlqj huuru dqg wkh ruljlqdo yduldeohv/ h1j1

w[

m@4

+|m � �{m,� �{w � L +3, = +5,

Dv glvfxvvhg lq Judqjhu dqg Ohh +4<;</ 4<<4,/ wkh pxowlfrlqwhjudwlqj uhvwulfwlrqv duh olnho| wr rffxu

lq vwrfn0 rz prghov/ zkhuh erwk frlqwhjudwlqj uhodwlrqv kdyh dq dsshdolqj lqwhusuhwdwlrq1 Wkh �uvw

frlqwhjudwlqj uhodwlrq +4, lv iruphg ehwzhhq wkh ruljlqdo  rz yduldeohv/ iru h{dpsoh= surgxfwlrq dqg

vdohv/ lqfrph dqg h{shqglwxuhv/ h{sruw dqg lpsruw/ hwf1 Wkh vhfrqg frlqwhjudwlqj uhodwlrq +5, uhsuhvhqwv

wkh uhodwlrq ehwzhhq wkh fxpxodwhg sdvw ghvfuhsdqflhv ehwzhhq wkh  rz yduldeohv/ iru lqvwdqfh= wkh vwrfn

ri lqyhqwrulhv/ wkh vwrfn ri zhdowk/ wkh vwrfn ri h{whuqdo ghew +vxusoxv,/ dqg doo ru vrph  rz yduldeohv

suhvhqw lq wkh v|vwhp1 Lw lpsolhv wkdw wkh htxloleulxp sdwk ri wkh v|vwhp lv pdlqwdlqhg qrw rqo| wkurxjk

wkh  rz yduldeohv dorqh/ exw wkhuh duh dgglwlrqdo irufhv w|lqj wrjhwkhu wkh vwrfn dqg  rz vhulhv dqg lq vr

grlqj surylglqj d vhfrqg od|hu ri htxloleulxp1

Lw lv frqyhqlhqw wr uhsuhvhqw wkh v|vwhp ri wkh pxowlfrlqwhjudwlqj yduldeohv lq wkh wuldqjxodu irup

�{w @ h
4w +6,

w[

m@4

|m @ �

w[

m@4

{m . �{w . h
5w>

zkhuh wkh fxpxodwhg L+4, vhulhv duh qrz L+5, > e| frqvwuxfwlrq1 Wkh glvwxuedqfhv duh xqfruuhodwhg dw doo

ohdgv dqg odjv/ l1h1 H +h
4w�mh5w�l, @ 3> ; m 9@ l iru m @ 3>	4>	5> === dqg l @ 3>	4>	5> === 1 Zh ghqrwh wkh

L+5, yduldeohv e| fdslwdo ohwwhuv/ l1h1 \w @
Sw

m@4 |m dqg [w @
Sw

m@4 {m =
7 Wklv doorzv xv wr zulwh wkh v|vwhp

6Qrwh wkdw qr ghwhuplqlvwlf frpsrqhqwv duh dvvxphg lq wkh vhulhv dqg khqfh/ e| frqvwuxfwlrq/ qr wuhqg/ iru lqvwdqfh/ duh

jhqhudwhg lq wkh fxpxodwhg vhulhv1
7Krzhyhu/ lw lv zruwkzkloh nhhslqj lq plqg wkh glvwlqfwlrq ehzwhhq LE2� yduldeohv lq wkh pxowl0 dqg sro|qrpldoo| frlqwh0

judwlqj v|vwhpv1 Lq wkh iruphu fdvh/ wkh| duh jhqhudwhg dv vxfk/ zkhuhdv lq wkh odwwhu fdvh wkh ruljlqdo vhulhv duh LE2�1
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deryh dv

�{w @ h4w +7,

\w @ �[w . �{w . h5w=

Ehorz zh surylgh wzr htxlydohqw uhsuhvhqwdwlrqv ri wkh v|vwhp lq +7,1 Wkh Yhfwru Huuru0Fruuhfwlrq

prgho +YHFP, fdq eh uhsuhvhqwhg dv iroorzv=
5
7 �{w

�|w

6
8 @

5
7 3

�4

6
8 ^|w�4 � �{w�4` .

5
7 3

�4

6
8 ^\w�4 � �[w�4 � �{w�4` .

5
7 h4w

+�. �, h4w . h5w

6
8 =

Dv vhhq/ wkh YHFP h{solflwo| lqfrusrudwhv erwk frlqwhjudwlrq ohyhov/ vhh htxdwlrqv +4, dqg +5, > wkdw

duh suhvhqw lq wkh pxowlfrlqwhjudwlqj v|vwhp +7,1 Dowhuqdwlyho|/ wkh pxowlfrlqwhjudwhg v|vwhp +7 , fdq eh

jlyhq wkh prylqj0dyhudjh uhsuhvhqwdwlrq=

5
7 �{w

�|w

6
8 @ F +O, hw @

5
7 4 3

^�. +4� O,�` +4� O,
5

6
8
5
7 h4w

h5w

6
8
= +8,

Judqjhu dqg Ohh +4<<4, dujxh wkdw wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh wlph vhulhv {w dqg |w

wr eh pxowlfrlqwhjudwhg lv wkdw wkh ghwhuplqdqw ri F +O, vkrxog kdyh d urrw +4� O,5 = Wklv frqglwlrq lv

fohduo| vdwlv�hg iru rxu vlpsoh v|vwhp1

��� ������
�� 	�
�������
�� �������

Lq frqwudvw wr wkh pxowlfrlqwhjudwlqj prgho zkhuh wzr htxloleulxp od|huv duh ri htxdo lqwhuhvw/ wkhuh lv

rqh frlqwhjudwlqj uhodwlrq wkdw lv ri sulpdu| lqwhuhvw lq wkh sro|qrpldoo| frlqwhjudwlqj v|vwhpv1 Qdpho|/

wkh rqh wkdw lv iruphg e| wkh ohyhov ri wkh ruljlqdo L+5, yduldeohv dqg lwv �uvw gl�huhqfhv

\w @ �[w . ��[w . h5w=

Wkh prvw srsxodu h{dpsoh ri vxfk d sro|qrpldoo| frlqwhjudwlqj uhodwlrq lqyroyhv ohyhov ri qrplqdo prq0

hwdu| dqg2ru sulfh yduldeohv +h{suhvvhg lq orjdulwkpv, dqg lq dwlrq +gh�qhg dv wkh �uvw gl�huhqfh ri wkh

orjdulwkplf wudqvirupdwlrq ri wkh qrplqdo sulfhv,/ vhh Udkehn hw1do1 +4<<<,/ iru h{dpsoh1

Vlploduo| wr wkh pxowlfrlqwhjudwlqj prgho/ zh fdq zulwh wkh sro|qrpldoo| frlqwhjudwlqj prgho lq wkh

wuldqjxodu irup dv iroorzv

�5
[w @ h4w +9,

\w @ �[w . ��[w . h5w>

zkhuh lw lv dvvxphg wkdw wkh glvwxuedqfhv duh ruwkrjrqdo dw doo odjv dqg ohdgv1 Revhuyh wkdw lq wklv vlpsoh

v|vwhp wkh frpprq L+5, wuhqg lv uhsuhvhqwhg e| [w dqg wkh uhvshfwlyh sro|qrpldoo| frlqwhjudwlqj uhodwlrq

lv jlyhq e| \w � �[w � ��[w @ h5w=
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Wkh sro|qrpldoo| frlqwhjudwlqj v|vwhp +9, fdq eh jlyhq wkh prylqj0dyhudjh uhsuhvhqwdwlrq=

5
7 �5

[w

�5
\w

6
8 @ F +O, hw @

5
7 4 3

^�. +4� O,�` +4� O,5

6
8
5
7 h4w

h5w

6
8
= +:,

Revhuyh wkdw wkh uhsuhvhqwdwlrqv +8, dqg +:, duh htxlydohqw/ krzhyhu wkh irfxv rq L+4, dqg L+5, yduldeohv

gl�huv1

��� ��
���
��� �����������
����

Lq wklv vhfwlrq zh ghulyh wkh lpsolhg xqlyduldwh uhsuhvhqwdwlrqv iru wkh {w dqg |w dv zhoo dv iru [w dqg

\w vhulhv1 Iru wkh ruljlqdo yduldeoh {w dqg lwv fxpxodwlyh frxqwhusduw [w wkh xqlyduldwh uhsuhvhqwdwlrqv

uhpdlq wkh vdph dv jlyhq lq wkh v|vwhp +7,

{w @ {w�4 . h4w

[w @ [w�4 .�[w�4 . h4w=

Lq ghulylqj wkh lpsolhg xqlyduldwh uhsuhvhqwdwlrq iru |w dqg \w zh iroorz Fkulvwr�huvhq dqg Glherog +4<<;,

e| pdwfklqj wkh dxwrfryduldqfhv ri wkh surfhvv }w1 Iurp wkh PD0uhsuhvhqwdwlrq ri �5
\w @ �|w zh kdyh

�5
\w @ �|w @ ^�. +4� O,�` h4w . +4� O,

5
h5w

|w @ |w�4 . }w

\w @ \w�4 .�\w�4 . }w>

zkhuh/ dv vkrzq lq wkh dsshqgl{/ wkh surfhvv }w fruuhvsrqgv wr wkh PD+5, surfhvv

}w @ xw . �4xw�4 . �5xw�5> xw � LLG
�
3> �5

x

�
= +;,

Wkh frh!flhqw �5 uhsuhvhqwv d urrw ri wkh iroorzlqj irxuwk rughu sro|qrpldo

�
7

5
. +5�E, �

6

5
.

�
D
5
� 5E . 5

�
�
5

5
. +5�E, �5 . 4 @ 3>

zkhuh D @ ^�� +�. �, t � 7` > E @

k
+�. �,

5
. �

5

l
t . 9> dqg t @

�
5

4

�
5

5

=

+<,

dqg wkh frh!flhqw �4 dqg wkh yduldqfh whup �
5

x
fdq eh irxqg dv iroorzv=

�4 @
�5

+4 . �5,
D dqg �

5

x
@

�
5

5

�5

= +43,

Revhuyh wkdw wkh ydoxhv ri wkh PD frh!flhqwv �4 dqg �5 duh fkrvhq vxfk wkdw wkh| vdwlvi| wkh lqyhuwlelolw|

frqglwlrqv iru wkh PD+5, surfhvv }w1
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Lq wklv vhfwlrq zh forvho| iroorz wkh dssurdfk ri Fkulvwr�huvhq dqg Glherog +4<<;, lq frpsdulqj wkh

orqj0uxq iruhfdvwlqj shuirupdqfh ri wkh prgho wkdw fruuhfwo| lpsrvhv pxowlfrlqwhjudwlrq � dqg dw wkh

vdph wlph frlqwhjudwlrq � uhvwulfwlrqv dqg wkh xqlyduldwh prgho wkdw rplwv wkrvh uhvwulfwlrqv frpsohwho|1

Khqfh/ rxu dqdo|vlv h{whqgv wkh uhvxowv ri Fkulvwr�huvhq dqg Glherog +4<<;, ghulyhg iru frlqwhjudwhg L+4,

v|vwhpv wr pxowlfrlqwhjudwlqj v|vwhpv zkhuh irfxv lv rq iruhfdvwlqj L+4, yduldeohv18

Lq rughu wr prwlydwh wkh vxevhtxhqw dqdo|vlv ri orqj0uxq iruhfdvwlqj lq wkh pxowlfrlqwhjudwlqj v|vwhpv/

lw lv zruwkzkloh uhylhzlqj uhodwhg uhvxowv ri Fkulvwr�huvhq dqg Glherog +4<<;, iru wkh orqj0uxq iruhfdvwv

lq vwdqgdug L+4, frlqwhjudwlqj v|vwhpv1 Fkulvwr�huvhq dqg Glherog +4<<;, vkrz wkdw zkhq frpsdulqj

wkh iruhfdvwlqj shuirupdqfh ri wkh prghov wkdw lpsrvh frlqwhjudwlrq dqg fruuhfwo| vshfl�hg xqlyduldwh

prghov lq whupv ri PVIH/ wkhuh duh qr jdlqv ri lpsrvlqj frlqwhjudwlrq dw doo exw wkh vkruwhvw iruhfdvw

krul}rqv1 Wkh sureohp lv wkdw wkh PVIH fulwhulrq idlov wr dfnqrzohgjh wkh lpsruwdqw glvwlqfwlrq ehwzhhq

wkh orqj0uxq v|vwhp iruhfdvwv dqg wkh xqlyduldwh iruhfdvwv1 Wkdw lv/ wkh lqwulqvlf ihdwxuh ri wkh orqj0uxq

v|vwhp iruhfdvwv lv wkdw wkh| suhvhuyh wkh frlqwhjudwlqj uhodwlrqv h{dfwo|/ zkhuhdv wkh orqj0uxq iruhfdvwv

iurp wkh xqlyduldwh prghov vdwlvi| wkh frlqwhjudwlqj uhodwlrqv rq dyhudjh rqo|1 Dv d uhvxow/ wkh yduldqfh ri

d frlqwhjudwlqj frpelqdwlrq ri wkh v|vwhp iruhfdvw huuruv zloo dozd|v eh vpdoohu wkdq wkdw ri wkh xqlyduldwh

iruhfdvw huuruv1

Wkhuhiruh/ li rqh fdq gh�qh d orvv ixqfwlrq zklfk uhfrjql}hv wklv glvwlqfwlrq ehwzhhq wkh v|vwhp0

dqg xqlyduldwh iruhfdvwv/ wkhq lw ehfrphv srvvleoh wr glvfulplqdwh ehwzhhq wkh iruhfdvwv pdgh iurp wkhvh

prghov1 Fkulvwr�huvhq dqg Glherog +4<<;, vkrz wkdw vxfk d orvv ixqfwlrq fdq eh edvhg rq wkh wuldqjxodu

uhsuhvhqwdwlrq ri wkh frlqwhjudwlqj yduldeohv/ vhh Fdpsehoo dqg Vkloohu +4<;:,/ dqg Skloolsv +4<<4,1 Lq lwv

vlpsohvw irup d vwdqgdug L+4, frlqwhjudwhg v|vwhp uhdgv

5
7 4 ��

3 4� O

6
8
5
7 }4w

}5w

6
8 @

5
7 y5w

y4w

6
8 >

zkhuh lw lv dvvxphg wkdw wkh glvwxuedqfh whupv duh xqfruuhodwhg dw doo ohdgv dqg odjv1 Wkh fruuhvsrqglqj

orvv ixqfwlrq/ lqwurgxfhg lq Fkulvwr�huvhq dqg Glherog +4<<;,/ orrnv dv iroorzv=

wudfh PVIHwul @ H

5
7
3
C
5
7 4 ��

3 4� O

6
8
5
7 y5w.k

y4w.k

6
8
4
D

3
3
C
5
7 4 ��

3 4� O

6
8
5
7 y5w.k

y4w.k

6
8
4
D
6
8 > +44,

vxfk wkdw wkh iruhfdvw dffxudf| ri d jlyhq prgho lv mxgjhg xsrq wkh fruuhvsrqglqj iruhfdvw huuruv y4w.k

8
Lq wkh vxevhtxhqw dqo|vlv wkh lvvxh ri hvwlpdwlrq lv ehlqj devwudfwhg iurp1 Hvwlpdwlrq ri xqnqrzq sdudphwhuv lv

qdwxudoo| ri hvvhqwldo lpsruwdqfh lq iruhfdvwlqj1 Krzhyhu/ lq rughu wr dgguhvv wkh iruhfdvw vwuxfwxuh ri pxowl0 dv zhoo dv

sro|qrpldoo| frlqwhjudwlqj v|vwhpv lq sduwlfxodu/ zh dvvxph wkdw wkh sdudphwhuv duh nqrzq lq wkh frqvlghuhg prghov1
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dqg y5w.k1 Wkh wudfh PVIHwul dovr uhdgv

wudfh PVIHwul @ H

5
7
5
7 y5w.k

y4w.k

6
8

3

N

5
7 y5w.k

y4w.k

6
8
6
8 > zkhuh N @

5
7 4 ��

3 4� O

6
8

3
5
7 4 ��

3 4� O

6
8

dqg lw lv lqvwuxfwlyh wr frpsduh wklv zlwk wkh wudglwlrqdo PVIH xvhg lq rwkhu vwxglhv=

wudfh PVIH @ H

5
7
5
7 y5w.k

y4w.k

6
8

3
5
7 y5w.k

y4w.k

6
8
6
8 =

Dv vhhq/ wkh wudglwlrqdo PVIH fdq eh uhjdughg dv wkh vshfldo fdvh ri wkh wudfh PVIHwul zlwk N @ L1

Wkh wudfh PVIHwul fulwhulrq ydoxhv wkh vpdoo iruhfdvwv huuruv dv grhv wkh wudglwlrqdo PVIH fulwhulrq/

exw dw wkh vdph wlph lw dovr ydoxhv pdlqwdlqdqfh ri wkh frlqwhjudwlqj uhvwulfwlrqv dprqjvw wkh jhqhudwhg

iruhfdvwv1 Zlwk rwkhu wklqjv ehlqj htxdo/ wkh odwwhu idfw suryhg wr eh fuxlfdo lq glvwlqjxlvklqj ehwzhhq

wkh v|vwhp0 dqg xqlyduldwh iruhfdvwv1

Lq wkh suhvhqw vhfwlrq zh h{whqg wkh uhvxowv ri Fkulvwr�huvhq dqg Glherog +4<<;, wr wkh pxowlfrlqwh0

judwlqj prgho iruhfdvwv1 Dv vkrzq ehorz/ wkh edvlf vwuxfwxuh ri wkhlu dujxphqw fduulhv ryhu wr wkh fdvh ri

rxu lqwhuhvw1 Iluvwo|/ wkh xvxdo PVIH fulwhulrq idlov wr glvwlqjxlvk ehwzhhq wkh iruhfdvwv jhqhudwhg iurp

wkh pxowlfrlqwhjudwlqj prghov dqg wkh fruuhvsrqglqj xqlyduldwh prghov dw wkh orqj iruhfdvw krul}rqv1

Vhfrqgo|/ wkh pxowlfrlqwhjudwlqj v|vwhp iruhfdvwv reh| frlqwhjudwlqj exw qrw pxowlfrlqwhjudwlqj uhodwlrqv

lq wkh orqj uxq/ zkhuhdv wkh fruuhvsrqglqj xqlyduldwh iruhfdvwv pdlqwdlq wkh frlqwhjudwlqj uhodwlrqv rq

dyhudjh rqo|1 Wklugo|/ dowkrxjk wkh yduldqfh ri wkh iruhfdvw huuruv ri ohyhov ri L+4, yduldeohv jurzv ri rughu

R +k, > wkh yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri wkhvh iruhfdvw huuruv lv �qlwh1 Wklv lv uhohydqw

erwk iru v|vwhp0 dqg xqlyduldwh iruhfdvwv/ krzhyhu/ lq wkh odwwhu fdvh wkh yduldqfh ri wkh frlqwhjudwlqj

frpelqdwlrq lv juhdwhu wkdq lq wkh iruphu fdvh1

Wkh phvvdjh lv wkdw/ dowkrxjk iruhfdvwv duh pdgh iurp wkh pxowlfrlqwhjudwlqj prgho/ hydoxdwlrq ri

wkh iruhfdvwv fdq eh fduulhg rxw e| phdqv ri wkh orvv ixqfwlrq +44, > zklfk lv edvhg rq wkh wuldqjxodu

uhsuhvhqwdwlrq ri wkh frlqwhjudwlqj v|vwhp1 Wkh uhvw ri wklv vhfwlrq looxvwudwhv wklv lpsruwdqw frqfoxvlrq1

��� ����	���
�� ���� ���
���� ���� ��� ���
	�
�������
�� �������

Wkh PD0uhsuhvhqwdwlrq ri wkh pxowlfrlqwhjudwlqj yduldeohv +8, doorzv xv wr zulwh wkh hyroxwlrq ri wkh

pxowlfrlqwhjudwlqj v|vwhp lq whupv ri wlph w ydoxhv {w dqg ixwxuh lqqrydwlrqv h4w.k dqg h5w.k=

{w.k @ {w .
k[

l@4

h4w.l

|w.k @ �{w . �

k[
l@4

h4w.l . �h4w.k .�h5w.k
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Fruuhvsrqglqjo|/ wkh k0vwhsv dkhdg iruhfdvwv iru L+4, yduldeohv duh jlyhq e|

e{w.k @ {w

e|w.k @ �{w +45,

iru doo iruhfdvw krul}rqv exw k @ 41 Lq wkh odwwhu fdvh zh kdyh

e{w.4 @ {w

e|w.4 @ �{w � h5w @ �{w � ^\w � �[w � �{w` = +46,

Lq sduwlfxodu/ revhuyh wkh orqj0uxq iruhfdvwv iurp rxu pxowlfrlqwhjudwlqj v|vwhppdlqwdlq wkh frlqwhjudwlqj

uhodwlrq h{dfwo|=

e|w.k @ �e{w.k= +47,

Frqwlqxlqj/ wkh iruhfdvw huuruv uhdg

e%{>w.k @
k[

l@4

h4w.l ;k A 3

e%|>w.k @

;?
=

�h4w.4 . �h4w.4 . h5w.4 @ +�. �, h4w.4 . h5w.4 iru k @ 4

�

Sk

l@4
h4w.l . �h4w.k .�h5w.k iru k A 4

Ixuwkhupruh/ zh fdq qrwh wkdw wkh iruhfdvw huuruv dqg wkh ruljlqdo v|vwhp dv lq +8, iroorz wkh vdph

vwrfkdvwlf surfhvv/ l1h1 5
7 �e%{>w.k

�e%|>w.k

6
8 @

5
7 4 3

�. � +4� O, +4� O,
5

6
8
5
7 h4w.k

h5w.k

6
8 = +48,

Wkh iruhfdvw huuru yduldqfhv duh wkxv jlyhq e|

Y du +e%{>w.k, @ k�
5
4 � R +k, > iru k A 3 +49,

Y du +e%|>w.k, @

;?
=

+�. �,
5
�
5
4 . �

5
5 iru k @ 4

�
5
�
5
4k.

k
+�. �,

5
� �

5
l
�
5
4 . 5�55 � R +k, iru k A 4

+4:,

Qrwlfh wkdw wkh yduldqfh ri wkh v|vwhp iruhfdvw huuru iru |w.k dqg {w.k lv jurzlqj ri rughu R +k, = Wkh

yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv lv jlyhq e|

Y du +e%|>w.k � �e%{>w.k, @

;?
=

�
5
�
5
4 . �

5
5 iru k @ 4

�
5
�
5
4 . 5�55 iru k A 4

+4;,

dqg khqfh lv �qlwh iru doo iruhfdvw krul}rqv1 Revhuyh wkdw lq wklv vlpsoh prgho wkh yduldqfh ri wkh

frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv lv wkh vdph iru doo iruhfdvw krul}rqv h{fhsw iru k @ 41

Wkh uhdvrq iru wkh odwwhu �qglqj fdq eh vhhq iurp htxdwlrqv +45, dqg +46, > zklfk uh hfwv wkh idfw wkdw

wkh pxowlfrlqwhjudwlqj whup lv lq wkh lqirupdwlrq vhw iru k @ 4 dqg lw kdv h{shfwdwlrq }hur iru k A 41
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��� ����	���� ���� 
��
�� ��
���
��� �����������
��� ��� ���� ���
�����

Qh{w/ zh wxuq wr wkh iruhfdvwlqj ri wkh L+4, yduldeohv edvhg rq wkh fruuhfwo| vshfl�hg lpsolhg xqlyduldwh

uhsuhvhqwdwlrqv1 Ixwxuh ydoxhv ri {w.k duh jlyhq e|

{w.k @ {w .
k[

l@4

h4w.l

dqg iru wkh yduldeoh |w.k

|w.k @

;A?
A=
|w . }w.4 @ |w . xw.4 . �4xw . �5xw�4 k @ 4

|w .
Sk

l@4
}w.l @ |w . xw.4 . �4xw . �5xw�4 . xw.5 . �4xw.4 . �5xw .

Sk

l@6
}w.l k A 4

Wkh fruuhvsrqglqj k�vwhsv dkhdg iruhfdvwv iru L+4, yduldeohv fdq qrz eh ghulyhg dv iroorzv1 Wkh

iruhfdvw iru wkh yduldeoh {w lv wkh vdph dv wkh v|vwhp iruhfdvw

h{w.k @ e{w.k @ {w

zkhuhdv wkh iruhfdvw h|w.k lv jlyhq e|

h|w.k @

;A?
A=
|w . �4xw . �5xw�4 iru k @ 4

|w . �4xw . �5xw�4 . �5xw @ |w . +�4 . �5,xw . �5xw�4> iru k A 4

Wkh iruhfdvw huuru dqg wkh fruuhvsrqglqj iruhfdvw huuru yduldqfh iru {w.k duh jlyhq e|

h%{>w.k @ e%{>w.k @
k[

l@4

h4w.l

Y du +h%{>w.k, @ Y du +e%{>w.k, @ k�
5
4 � R +k, = +4<,

Wkh fruuhvsrqglqj iruhfdvw huuru h%|>w.k @ |w.k � h|w.k iru wkh yduldeoh |w uhdgv

h%|>w.k @

;?
=

xw.4 iru k @ 4

xw.4 . xw.5 . �4xw.4 .
Sk

l@6
}w.l @ +4 . �4 . �5,

Sk�5

l@4
xw.l . +4 . �4,xw.k�4 . xw.k iru k A 4

zlwk wkh iruhfdvw yduldqfh

Y du+h%|>w.k, @

;AAA?
AAA=

�
5
x iru k @ 4k
+4 . �4 . �5,

5
+k� 5, . +4 . �4,

5
. 4
l
�
5
x @

@ �
5
�
5
4 +k� 5, .

k
+4 . �4,

5
. 4
l
�
5
x � R +k, iru k A 4=

+53,

Qh{w zh ghulyh wkh yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv=

Y du +h%|>w.k � �h%{>w.k, @ Y du +h%|>w.k, . �
5
Y du +h%{>w.k,� 5�fry+h%|>w.k>h%{>w.k,>

VE
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xvlqj h{suhvvlrqv +4<, dqg +53, dqg wkh iroorzlqj h{suhvvlrq iru wkh fryduldqfh whup

fry+h%|>w.k>h%{>w.k, @ �k�
5
4 . ��

5
4=

Wkh yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv uhdgv

Y du +h%|>w.k � �h%{>w.k, @

;?
=

�
5
x � �

5
�
5
4 � 5���54 iru k @ 4

�5�5�54 � 5���54 .
k
+4 . �4,

5 . 4
l
�
5
x ?4 iru k A 4

= +54,

Wklv lpsolhv wkdw wkh yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri iruhfdvwv iurp wkh lpsolhg xqlyduldwh

uhsuhvhqwdwlrqv lv �qlwh1

���  �����
��� �� ��� ����	��� �		���	� ��� ���� ���
�����

Iluvw zh xvh wkh wudfh PVIH fulwhulrq wr frpsduh wkh iruhfdvw dffxudf| ri wkh pxowlyduldwh dqg xqlyduldwh

iruhfdvw uhsuhvhqwdwlrqv1 Xvlqj htxdwlrqv +49, dqg +4:, > dqg +4<, dqg +53, zh fdq fdofxodwh wkh ehkdylrxu

ri wkh frqyhqwlrqdo phdvxuh ri wkh iruhfdvw dffxudf| +wudfh PVIH, dv wkh iruhfdvw krul}rq lqfuhdvhv=

wudfh+ydu+h%w.k,,

wudfh+ydu+e%w.k,,
@

k�
5
4 . �

5 +k� 4,�54 � �

5
�
5
4 .

k
+4 . �4,

5
. 4

l
�
5
x

k�
5
4
. �

5 +k� 4,�5
4
. +�. �,

5
�
5
4
. 5�5

5

$ 4 +55,

Dv vhhq/ dv k $ 4 wklv wudfh udwlr dssurdfkhv 4 vlqfh wkh frh!flhqwv wr wkh ohdglqj whupv erwk lq

qrplqdwru dqg ghqrplqdwru duh lghqwlfdo1 Wkdw lv/ rq wkh edvlv ri wkh wudglwlrqdo iruhfdvw hydoxdwlrq

fulwhulrq +wudfh PVIH, lw lv lpsrvvleoh wr glvwlqjxlvk ehwzhhq wkh prgho zlwk lpsrvhg pxowlfrlqwhjudwlrq

uhvwulfwlrqv dqg wkh prgho wkdw ljqruhv wkhvh uhvwulfwlrqv frpsohwho|1 Wkh zhoo0uhfrjql}hg gudzedfn ri wkh

wudfh PVIH fulwhulrq lv wkdw lw idlov wr ydoxh wkh h{dfw pdlqwdlqdqfh ri frlqwhjudwlqj uhodwlrqv e| wkh orqj0

uxq iruhfdvwv1 Khqfh/ wkh vroxwlrq lv wr hpsor| wkh orvv ixqfwlrq wkdw uhfrjql}hv wklv idfw1 Uhfdoo wkdw zh

kdyh vkrzq deryh wkdw wkh orqj0uxq iruhfdvwv iurp wkh pxowlfrlqwhjudwlqj v|vwhp reh| wkh frlqwhjudwlqj

uhodwlrq h{dfwo|1 Wkhuhiruh lw vhhpv qdwxudo wr dgrsw wkh orvv ixqfwlrq edvhg rq wkh wuldqjxodu v|vwhp iru

wkh frlqwhjudwlqj yduldeohv iru rxu sxusrvhv1 Xvlqj wkh orvv ixqfwlrq +44, dv gh�qhg lq Fkulvwr�huvhq dqg

Glherog +4<<;,/ zh kdyh iru wkh v|vwhp iruhfdvwv

wudfh
gPVIHwul @ H

;?
=
3
C e%|>w.k � �e%{>w.k

+4� O,e%{>w.k

4
D

3
3
C e%|>w.k � �e%{>w.k

+4� O,e%{>w.k

4
D
<@
> =

Wkdw lv

wudfh gPVIHwul @

;?
=

�
5
�
5
4 . �

5
5 . �

5
4 iru k @ 4

�
5
�
5
4 . 5�55 . �

5
4 iru k A 4

=

Iru wkh iruhfdvwv iurp wkh xqlyduldwh prghov zh kdyh

wudfh
jPVIHwul @ H

;?
=
3
C h%|>w.k � �h%{>w.k

+4� O,h%{>w.k

4
D

3
3
C h%|>w.k � �h%{>w.k

+4� O,h%{>w.k

4
D
<@
>
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dqg wkxv

wudfh jPVIHwul @

;?
=

�
5
x
� �

5
�
5
4 � 5���54 . �

5
4 iru k @ 4k

+4 . �4,
5
. 4
l
�
5

x
� 5�5�5

4 �
5���5

4
. �

5

4
iru k A 4

=

Frpsdulqj wkh udwlrv zh kdyh

wudfh jPVIH
kA4

wul

wudfh gPVIH
kA4

wul

@

k
+4 . �4,

5
. 4
l
�
5

x
� 5�5�5

4 �
5���5

4
. �

5

4

�5�
5

4
. 5�5

5
. �

5

4

A 4 +56,

wudfh jPVIH
k@4

wul

wudfh gPVIH
k@4

wul

@
�
5

x
� �

5
�
5

4
� 5���5

4
. �

5

4

�5�
5

4
. �

5

5
. �

5

4

A 4= +57,

Lw lv qrw vwudljkwiruzdug wr vkrz dqdo|wlfdo| wkdw wkh deryh lqhtxdolwlhv dsso|1 Krzhyhu/ xvlqj qxphulfdo

vlpxodwlrq lw fdq eh vkrzq wkdw wkh wudfh udwlrv +56, dqg +57, zloo dozd|v eh juhdwhu wkdq xqlw|19

Lq vxppdu|/ d qxpehu ri uhvxowv ri Fkulvwr�huvhq dqg Glherog +4<<;, ghulyhg iru wkh frlqwhjudwlqj

v|vwhpv vwudljkwiruzdugo| fduulhv rxw wr wkh prgho wkdw reh|v pxowlfrlqwhjudwlqj uhvwulfwlrqv1 Iluvw/ orqj0

uxq iruhfdvwv jhqhudwhg iurp wkh pxowlfrlqwhjudwlqj v|vwhp suhvhuyh wkh frlqwhjudwlqj uhodwlrqv h{dfwo|/

vhh +47,1 Vhfrqg/ wkh v|vwhp iruhfdvw huuruv iroorz wkh vdph vwrfkdvwlf surfhvv dv wkh ruljlqdo yduldeohv/

dv ghslfwhg lq +48, = Wklug/ wkh yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri wkh v|vwhp iruhfdvw huuruv

lv �qlwh +vhh +4;,, hyhq wkrxjk wkh yduldqfh ri wkh v|vwhp iruhfdvw huuruv ri d vhsdudwh yduldeoh jurzv

ri rughu R +k, > dv vhhq lq h{suhvvlrq +4:,1 Irxuwk/ wkh yduldqfh ri wkh frlqwhjudwlqj frpelqdwlrq ri wkh

xqlyduldwh iruhfdvw huuruv lv �qlwh wrr hyhq vr wkh yduldqfh ri wkh xqlyduldwh iruhfdvw huuruv jurzv ri rughu

R +k, > vhh +54, > +4<, > dqg +53, = Iliwk/ lpsrvlqj wkh pxowlfrlqwhjudwlqj uhvwulfwlrqv grhv qrw ohdg wr wkh

lpsuryhg iruhfdvw shuirupdqfh ryhu wkh xqlyduldwh prghov zkhq frpsduhg lq whupv ri wkh wudglwlrqdo

phdq vtxduhg iruhfdvw huuru fulwhulrq/ dv vkrzq lq +55,1 Ilqdoo|/ dgrswlrq ri wkh qhz orvv ixqfwlrq edvhg

rq wkh wuldqjxodu uhsuhvhqwdwlrq ri wkh vwdqgdug L+4, frlqwhjudwlqj v|vwhp ohdgv wr wkh vxshulru udqnlqj

ri wkh v|vwhp iruhfdvwv ryhu wkhlu xqlyduldwh frpshwlwruv/ vhh h{suhvvlrq +56,1

! �������� ����	���
�� 
� ������
�� 	�
�������
�� ��������

Qh{w/ zh h{dplqh wkh iruhfdvwlqj shuirupdqfh ri wkh prgho wkdw lpsrvhv wkh sro|qrpldoo| frlqwhjudwlqj

uhvwulfwlrqv dqg wkh prgho wkdw wrwdoo| ljqruhv wkhvh zkhq iruhfdvwlqj wkh ruljlqdo L+5, yduldeohv1 Vlploduo|

wr wkh odvw vhfwlrq zh lqyhvwljdwh wkh orqj0uxq ehkdylru ri wkh orvv ixqfwlrq edvhg rq wkh wudglwlrqdo wudfh

PVIH fulwhulrq zkhq frpsdulqj wkh iruhfdvwlqj shuirupdqfh ri wkh prgho wkdw lpsrvhv wkh sro|qrpl0

doo| frlqwhjudwlqj uhvwulfwlrqv zlwk wkdw ri wkh xqlyduldwh prgho1 Zh zloo vkrz wkdw dovr lq wklv fdvh/

9Wkh sureohp lv wkdw wkh sdudphwhuv w� dqg j2
�

duh ixqfwlrqv ri erwk wkh sdudphwhuv ri wkh pxowlfrlqwhjudwhg prgho

Ebckc j2
�
c j2

2
� dv zhoo dv wkh sdudphwhu w2c zklfk lv d vroxwlrq wr wkh irxuwk0rughu sro|qrpldo E<� ghulyhg iurp wkh PDE2�

surfhvv fkdudfwhul}lqj wkh xqlyduldwh uhsuhvhqwdwlrqv/ vhh htxdwlrqv jlyhq lq E43� �

VE
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lpsrvlqj sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv grhv qrw lpsuryh ryhu wkh orqj0uxq iruhfdvwlqj shuiru0

pdqfh ri wkh vlpsoh fruuhfwo| vshfl�hg xqlyduldwh prghov1 Wklv zhoo dffrugv zlwk wkh hvwdeolvkhg uhvxowv

ri Fkulvwr�huvhq dqg Glherog +4<<;, iru wkh frlqwhjudwlqj v|vwhpv dv zhoo dv lq wkh vhfwlrq deryh iru wkh

pxowlfrlqwhjudwlqj v|vwhpv1

Lq rughu wr frpedw wklv idfw/ zh vxjjhvw d qhz orvv ixqfwlrq edvhg rq wkh wuldqjxodu uhsuhvhqwdwlrq ri

wkh sro|qrpldoo| frlqwhjudwlqj yduldeohv jlyhq lq +9,1 Rssrvlwh wr wkh frqyhqwlrqdo wudfh PVIH fulwhulrq/

wkh qhz orvv ixqfwlrq h{solflwo| uhfrjql}hv wkh lpsruwdqw glvwlqfwlrq ehwzhhq wkh v|vwhp0 dqg xqlyduldwh

iruhfdvwv1 Wkh v|vwhp iruhfdvwv reh| wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv h{dfwo| lq wkh olplw/ zkhuhdv

wklv lv qrw wuxh lq wkh fdvh zlwk wkh iruhfdvwv iurp wkh xqlyduldwh uhsuhvhqwdwlrqv1

!�� ����	���� �� ���� ���
���� ���� ������
�� 	�
�������
�� �������

Xvlqj wkh PD0uhsuhvhqwdwlrq +:, suhvhqwhg lq Vhfwlrq 515 zh fdq zulwh wkh ixwxuh ydoxhv ri wkh L+5,

yduldeohv

[w.k @ [w . k�[w .
k[

t@4

t[
l@4

h4w.l

�[w.k @ �[w .

k[
l@4

h4w.l

\w.k @ � +[w . k�[w, . ��[w . �

k[
t@4

t[
l@4

h4w.l . �

k[
l@4

h4w.l . h5w.k

zlwk wkh fruuhvsrqglqj iruhfdvwv

e
[w.k @ [w . k�[w +58,

� e
[w.k @ �[w +59,e
\w.k @ � +[w . k�[w, . ��[w= +5:,

Wkh iruhfdvw huuruv uhdg

e%[>w.k @

k[
t@4

t[
l@4

h4w.l @

k[
l@4

+k. 4� l, h4w.l

e%�[>w.k @

k[
l@4

h4w.l

e%\>w.k @

k[
l@4

^� +k. 4� l, . �` h4w.l . h5w.k

dqg iroorz wkh vdph vwrfkdvwlf surfhvv dv wkh ruljlqdo v|vwhp/ wkdw lv57 �5e%[>w.k

�5e%\>w.k
68 @

57 4 3

�. � +4� O, +4� O,
5

6857 h4w.k

h5w.k

68 =
VE
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Wkh fruuhvsrqglqj iruhfdvw huuru yduldqfhv iru wkh ohyhov ri L+5, yduldeohv duh ri wkh rughu R
�
k
6
�
dv vhhq

ehorz=

Y du +e%[>w.k, @ Y du

#
k[

t@4

t[
l@4

h4w.l

$
@

k +k. 4, +5k. 4,

9
�
5

4
� R

�
k
6
�

Y du +e%�[>w.k, @

k[
l@4

Y du +h4w.l, @ k�
5

4

Y du +e%\>w.k, @
k +k. 4, +5k. 4,

9
�
5

�
5

4
. 5��

k +k. 4,

5
�
5

4
. k�

5
�
5

4
. �

5

5
� R

�
k
6
�

Wkh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv uhdgv

Y du +e%\>w.k � �e%[>w.k � �e%�[>w.k, @ �
5

5
= +5;,

Wklv lv �qlwh/ dqg iru rxu vlpsoh prgho lw lv frqvwdqw iru doo iruhfdvw krul}rqv k A 3 dv wkhuh lv qr

vkruw0uxq g|qdplfv1 Wkh �qglqj ri wkh �qlwh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq ri

wkh iruhfdvw huuruv lv vlplodu wr wkdw ri Fkulvwr�huvhq dqg Glherog +4<<;,/ dqg Hqjoh dqg \rr +4<;:, iru

L+4, v|vwhpv1 Wklv lv gxh wr wkh idfw wkdw wkh iruhfdvw huuruv iroorz wkh vdph vwrfkdvwlf surfhvv dv wkh

iruhfdvwhg wlph vhulhv1 Dv d frqvhtxhqfh/ wkh iruhfdvwv duh lqwhjudwhg ri wkh vdph rughu dqg vkduh wkh

sro|qrpldoo| frlqwhjudwlqj surshuwlhv ri wkh v|vwhp g|qdplfv dv zhoo1

Lq wkh prgho wkh iruhfdvwv vdwlvi| h{dfwo| wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrq dw doo krul}rqv/ qrw

mxvw lq wkh olplw1 Wklv fdq eh vkrzq xvlqj wkh h{suhvvlrqv +58, > +59, dqg +5:, =

e
\w.k � �

e
[w.k � �� e[w.k @ � +[w . k�[w, . ��[w � � +[w . k�[w,� ��[w @ 3> iru k A 3
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�����

Qh{w zh ghulyh wkh iruhfdvw h{suhvvlrqv iurp wkh lpsolhg xqlyduldwh uhsuhvhqwdwlrqv1 Wkh ixwxuh ydoxhv ri

wkh surfhvv [w duh wkh vdph dv edvhg rq wkh wuldqjxodu v|vwhp +7,

[w.k @ [w . k�[w .
k[

t@4

t[
l@4

h4w.l

�[w.k @ �[w .
k[

l@4

h4w.l

dqg iru wkh surfhvv \w.k zh kdyh

\w.k @ \w . k�\w . k +xw.4 . �4xw . �5xw�4, . +k� 4, +xw.5 . �4xw.4 . �5xw, .
k�5[
t@4

t[
l@4

}w.l.5

VE
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Wkh fruuhvsrqglqj iruhfdvwv iru L+5, yduldeohv duh fdofxodwhg dv iroorzv1 Iru [w lw lv wkh vdph dv iurp

wkh sro|qrpldoo| frlqwhjudwlqj prgho

h
[w.k @ e

[w.k @ [w . k�[w

� h[w.k @ � e[w.k @ �[w

Wkh xqlyduldwh iruhfdvw iru \w.k uhdgv

h
\w.k @

;?
=

\w .�\w . �4xw . �5xw�4 iru k @ 4

\w . k�\w . k +�4 . �5,xw . k�5xw�4 � �5xw iru k A 4
=

Qrwlfh wkdw lq wklv fdvh wkh orqj0uxq iruhfdvwv iurp wkh lpsolhg xqlyduldwh uhsuhvhqwdwlrqv gr qrw pdlqwdlq

wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv lq wkh orqj0uxq h{dfwo| exw gr vr rq dyhudjh dv rssrvhg wr wkhlu

v|vwhp frxqwhusduwv wkdw pdlqwdlq wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv h{dfwo| lq wkh orqj0uxq1 Wr

vhh wklv/ zh kdyh

h
\w.k � �

h
[w.k � �� h[w.k @ \w . k�\w . k +�4 . �5,xw . k�5xw�4 � �5xw � �[w � �k�[w � ��[w

@ ^\w � �[w � ��[w` . k ^�\w � ��[w` . k +�4 . �5,xw . k�5xw�4 � �5xw=

Wkh fruuhvsrqglqj iruhfdvw huuruv duh jlyhq e|

h%[>w.k @ e%[>w.k @
k[

t@4

t[
l@4

h4w.l @
k[

l@4

+k. 4� l, h4w.l

h%�[>w.k @ e%�[>w.k @
k[

l@4

h4w.l

zlwk wkh yduldqfhv

Y du +h%[>w.k, @ Y du +e%[>w.k, @
k +k. 4, +5k. 4,

9
�

5
4 � R

�
k

6
�

+5<,

Y du +h%�[>w.k, @ Y du +e%�[>w.k, @ k�54 � R +k, = +63,

Wkh iruhfdvw huuruv iru \w.k uhdg

h%\>w.4 @ xw.4

h%\>w.k @
k�5[
l@4

i+4 . �4 . �5, +k� l. 4, . +4 . �4, . 4jxw.l . ++4 . �4, . 4,xw.k�4 . xw.k

zlwk wkh fruuhvsrqglqj iruhfdvw huuru yduldqfhv

Y du +h%\>w.4, @ �5x

Y du +h%\>w.k, @ +4 . �4 . �5,
5 +k� 5, +k� 5 . 4, +5 +k� 5, . 4,

9
�5x +64,

.5 ++4 . �4, . 4, +4 . �4 . �5,
+k� 5, +k� 5 . 4,

5
�5x �

.++4 . �4, . 4,5 +k� 4,�5x . �5x � R
�
k6
�
=

VE
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Qh{w/ zh fdofxodwh wkh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv

iurp wkh xqlyduldwh uhsuhvhqwdwlrq1 Wkh vwudljkwiruzdug exw whglrxv dojheud uhohjdwhg wr wkh dsshqgl{

|lhogv wkh iroorzlqj uhodwlrq

Y du +h%\>w.k � �h%[>w.k � �h%�[>w.k, @ ^Y du +h%\>w.k,� Y du +e%\>w.k,` . �55= +65,

Pruhryhu/ dv vkrzq lq wkh dsshqgl{ wkh ohdglqj whup iru wkh k6 hyhqwxdoo| fdqfhov rxw vxfk wkdw

wkh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv iurp wkh xqlyduldwh

uhsuhvhqwdwlrq lv jurzlqj ri rughu R
�
k5
�
= Wkdw lv/ lw jurzv dw d orzhu rughu wkdq wkh yduldqfh ri wkh

iruhfdvw huuruv iru wkh ohyhov ri L+5, yduldeohv1

Wkxv/ wkh idfw/ wkdw wkh v|vwhp orqj0uxq iruhfdvwv suhvhuyh wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv

h{dfwo| zkhuhdv wkh xqlyduldwh orqj0uxq iruhfdvwv gr vr rqo| rq dyhudjh/ doorzv xv wr frqvwuxfw d qhz

orvv ixqfwlrq lq wkh vslulw ri Fkulvwr�huvhq dqg Glherog +4<<;,/ zklfk wdnhv lqwr dffrxqw wklv lpsruwdqw

glvwlqfwlrq ehwzhhq wkh v|vwhp0 dqg xqlyduldwh iruhfdvwv1

!��  �����
��� �� ����	��� �		���	� ��� ���� ���
�����

Iluvw/ zh vkrz wkdw wkh udwlr ri wkh xvxdo wudfh PVIH iru xqlyduldwh dqg v|vwhp iruhfdvw huuruv whqg wr

xqlw| dv wkh iruhfdvw krul}rq lqfuhdvhv1 Xvlqj h{suhvvlrqv +5<, > +63, > dqg +64, zh fdq ghulyh wkh iroorzlqj

uhvxow

wudfh+Y du+h%w.k,,
wudfh+Y du+e%w.k,, @

Y du +h%[>w.k, . Y du +h%\>w.k,
Y du +e%[>w.k, . Y du +e%\>w.k, @

R

�
k
6
�

R +k6,
$ 4 +66,

vlqfh wkh frh!flhqwv wr wkh ohdglqj whupv duh lghqwlfdo1 Revhuyh/ wkdw wklv uhvxow lv uhodwhg wr wkh h{suhvvlrq

+65, > zkhuh wkhvh htxlydohqw frh!flhqwv wr wkh ohdglqj whupv uhvxowhg lq fdqfhoodwlrq ri wkrvh ohdglqj

whupv/ dqg wkxv uhgxflqj wkh jurzwk rughu ri wkh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq

ri wkh xqlyduldwh iruhfdvw huuruv iurp R

�
k
6
�
wr R

�
k
5
�
=

Lq frqwudvw/ wkh udwlr ri wudfh PVIH iru wkh wuldqjxodu uhsuhvhqwdwlrq ri wkh sro|qrpldoo| frlqwhjudwlqj

v|vwhp grhv qrw whqg wr xqlw| exw glyhujhv wr lq�qlw| dv wkh iruhfdvw krul}rq lqfuhdvhv1 Iru wkh v|vwhp

iruhfdvwv zh kdyh

wudfh gPVIHwul @ H

;?
=
3
C e%\>w.k � �e%[>w.k � �e%�[>w.k

+4� O,
5e%[>w.k

4
D

3
3
C e%\>w.k � �e%[>w.k � �e%�[>w.k

+4� O,
5e%[>w.k

4
D
<@
> @

@ H +e%\>w.k � �e%[>w.k � �e%�[>w.k,
5
.H

�
+4� O,

5e%[>w.k

�5
@ �

5
5 . �

5
4 @ R +4,

VE



4<

dqg iru wkh xqlyduldwh iruhfdvwv zh kdyh wkdw

wudfh jPVIHwul @ H

;?
=
3
C h%\>w.k � �h%[>w.k � �h%�[>w.k

+4� O,
5h%[>w.k

4
D

3
3
C h%\>w.k � �h%[>w.k � �h%�[>w.k

+4� O,
5h%[>w.k

4
D
<@
> @

@ H +h%\>w.k � �h%[>w.k � �h%�[>w.k,
5
.H

�
+4� O,

5h%[>w.k

�5
@ R

�
k
5
�
.R +4,

Khqfh/ wkh udwlr ri wudfh gPVIHwul dqg wudfh jPVIHwul lv

wudfh jPVIHwul

wudfh gPVIHwul

@
R
�
k5
�

R +4,
$4 dv k$4= +67,

Wklv phdqv wkdw zh zrxog suhihu wkh prgho zlwk sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv xvlqj wklv ful0

whulrq1 Lq idfw/ wkhuh duh kljk +lqfuhdvlqj, jdlqv wr eh dfklhyhg lq xvlqj wkh qhz orvv ixqfwlrq ryhu wkh

wudglwlrqdo rqh1

Xvlqj htxdwlrq +65, zh kdyh wkh iroorzlqj uhvxow

wudfh jPVIHwul

wudfh gPVIHwul

@
^Y du +h%\>w.k,� Y du +e%\>w.k,` . �55 . �54

�55 . �54
@ 4 .

^Y du +h%\>w.k,� Y du +e%\>w.k,`

�55 . �54
A 4=

Lqwxlwlyho|/ wklv lqhtxdolw| krogv dv wkh iruhfdvwv wkdw xwlol}h doo wkh lqirupdwlrq lq wkh v|vwhp +v|vwhp

iruhfdvwv, zloo surgxfh d vpdoohu iruhfdvw huuru yduldqfh wkdq wkh rqhv wkdw duh edvhg rq wkh sduwldo

lqirupdwlrq +xqlyduldwh iruhfdvwv,1

" #$�����

Zh looxvwudwh wkh �qglqjv ri wkh suhylrxv vhfwlrqv xvlqj wkh prgho +7, zlwk wkh iroorzlqj ydoxhv ri wkh

sdudphwhuv � @ 5> � @ 4> �54 @ �55 @ 4= Vxfk sdudphwhu frpelqdwlrq ohdgv wr wkh iroorzlqj ydoxhv ri PD+5,

surfhvv ri �5\w @ �|w = �4 @ �3=8488> �5 @ 3=3:<8> dqg �5x @ 45=8:;= Iljxuhv 4 dqg 5 ehorz duh sorwwhg

xvlqj wkhvh wuxh frh!flhqw sdudphwhuv1 Iljxuh 4 glvsod|v wkh udwlrv +55, > +57, dqg +56, = Vlploduo|/ Iljxuh

5 fruuhvsrqgv wr wkh uhvxowv jlyhq lq +66, dqg +67, = Dv vhhq/ wkh dqdo|wlfdo �qglqjv duh qlfho| yhul�hg lq

wkh judskv1

%  ��	��
����

Lq wkh suhvhqw sdshu zh kdyh lqyhvwljdwhg wkh lvvxh ri orqj0uxq iruhfdvwlqj lq wkh v|vwhpv zlwk pxowl� dqg

sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv1 Zh kdyh vkrzhg wkdw wkh uhvxowv ri Fkulvwr�huvhq dqg Glherog

+4<<;, ghulyhg iru wkh vwdqgdug L+4, frlqwhjudwlqj v|vwhpv jhqhudoo| krog dovr iru wkh suhvhqw v|vwhpv ri

irfxv1 Wkdw lv/ rq wkh edvlv ri wkh orvv ixqfwlrq edvhg rq wkh wudglwlrqdo wudfh PVIH fulwhulrq/ lpsrvlqj

VE
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1

1.1
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1.5

1.6

1.7

ratio TMSFEtri x Forecast horizon ratio TMSFE x Forecast horizon

Iljxuh 4= Wudfh PVIH udwlr dqg Wudfh PVIHwul udwlr ri xqlyduldwh yhuvxv v|vwhp iruhfdvwv ri pxowlfrlq0

whjudwlqj L+4, yduldeohv1
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1

1.1
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ratio TMSFE x Forecast horizon
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20

40

60

ratio TMSFEtri x Forecast horizon

Iljxuh 5= Wudfh PVIH udwlr dqg Wudfh PVIHwul udwlr ri xqlyduldwh yhuvxv v|vwhp iruhfdvwv ri sro|qrpldoo|

frlqwhjudwlqj L+5, yduldeohv1
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wkh uhohydqw uhvwulfwlrqv grhv qrw ohdg wr wkh lpsuryhg orqj0uxq iruhfdvw shuirupdqfh zkhq frpsduhg wr

wkh iruhfdvwlqj iurp wkh vlpsoh xqlyduldwh prghov1

Krzhyhu/ wkh fohdu glvwlqfwlrq ehwzhhq wkh v|vwhp0 dqg xqlyduldwh iruhfdvwv fdq eh dfklhyhg li rqh

hpsor|v wkh orvv ixqfwlrq edvhg rq wkh wuldqjxodu uhsuhvhqwdwlrq ri wkh frlqwhjudwlqj dqg sro|qrpldoo|

frlqwhjudwlqj prghov1 Lq wklv fdvh/ wkh phdvxudeoh jdlqv frph iurp wkh idfw wkdw wklv sduwlfxodu orvv

ixqfwlrq h{solflwo| dfnqrzohgjhv wkh lpsruwdqw glvwlqfwlrq ehwzhhq wkh v|vwhp0 dqg xqlyduldwh iruhfdvwv1

Wkh lqwulqvlf ihdwxuh ri wkh v|vwhp iruhfdvwv lv wkdw wkh| pdlqwdlq wkh +sro|qrpldoo|0, frlqwhjudwlqj

uhvwulfwlrqv lq wkh olplw h{dfwo|/ zkhuhdv wklv lv qrw vr lq fdvh ri xqlyduldwh orqj0uxq iruhfdvwv1 Khqfh/

wkh sdshu kljkoljkwv wkh lpsruwdqfh ri fduhixoo| vhohfwlqj orvv ixqfwlrqv zkhq hydoxdwlqj iruhfdvwv iurp

frlqwhjudwlqj v|vwhpv1

Lq wklv sdshu zh xvhg d vlpsoh pxowl0 dqg sro|qrpldoo| frlqwhjudwlqj prghov lq rughu wr hvwdeolvk wkh

uhvxowv1 Qdwxudoo|/ lw lv ri lqwhuhvw wr ghulyh wkh fruuhvsrqglqj uhvxowv iru wkh jhqhudo prghov wkdw reh|

pxowl0 dqg sro|qrpldoo| frlqwhjudwlqj uhvwulfwlrqv1 Dovr/ wkh frqvhtxhqfhv ri lqwurgxflqj ghwhuplqlvwlf

frpsrqhqwv lv ri lpsruwdqfh dv duh hvwlpdwlrq lvvxhv1 Wkhvh h{whqvlrqv zloo iroorz lq ixwxuh zrun1

&������	��

Edqhumhh/ D1/ O1 Frfnhuhoo/ dqg E1 Uxvvhoo +5334,= �Dq L+5, Dqdo|vlv ri Lq dwlrq dqg wkh Pdunxs/�

Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 49+6,/ 554�731

Fdpsehoo/ M1 \1/ dqg U1 M1 Vkloohu +4<;:,= �Frlqwhjudwlrq dqg Whvwv ri Suhvhqw Ydoxh Prghov/�

Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8/ 4385�43;;1

Fkulvwriihuvhq/ S1 I1/ dqg I1 [1 Glherog +4<<;,= �Frlqwhjudwlrq dqg Orqj0Uxq Iruhfdvwlqj/�

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 49+7,/ 783�78;1

Fohphqwv/ P1 S1/ dqg G1 I1 Khqgu| +4<<8,= �Iruhfdvwlqj lq Frlqwhjudwlqj V|vwhpv/� Mrxuqdo ri

Dssolhg Hfrqrphwulfv/ 43+5,/ 45:�4791

Hqjoh/ U1 I1/ dqg E1 V1 \rr +4<;:,= �Iruhfdvwlqj dqg Whvwlqj lq Fr0Lqwhjudwhg V|vwhpv/� Mrxuqdo ri

Hfrqrphwulfv/ 68/ 476�48<1

Hqjvwhg/ W1/ M1 Jrq}dor/ dqg Q1 Kdoguxs +4<<:,= �Whvwlqj iru Pxowlfrlqwhjudwlrq/� Hfrqrplf

Ohwwhuv/ 89/ 58<�5991

Hqjvwhg/ W1/ dqg Q1 Kdoguxs +4<<<,= �Pxowlfrlqwhjudwlrq lq Vwrfn0Iorz Prghov/� R{irug Exoohwlq ri

Hfrqrplfv dqg Vwdwlvwlfv/ 94/ 56:�5871

VE
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Hqjvwhg/ W1/ dqg V1 Mrkdqvhq +4<<<,= �Judqjhu*v Uhsuhvhqwdwlrq Wkhruhp dqg Pxowlfrlqwhjudwlrq/�

lq Ihvwvfkuliw Frlqwhjudwlrq/ Fdxvdolw| dqg Iruhfdvwlqj/ Ihvwvfkuliw lq Krqrxu ri Folyh Judqjhu/ hg1 e|

U1 Hqjoh/ dqg K1Zklwh/ R{irug1 R{irug Xqlyhuvlw| Suhvv1

Judqjhu/ F1 Z1 M1/ dqg W1 K1 Ohh +4<;<,= �Lqyhvwljdwlrq ri Surgxfwlrq/ Vdohv dqg Lqyhqwru| Uh0

odwlrqv Xvlqj Pxowlfrlqwhjudwlrq dqg Qrq0V|pphwulf Huuru Fruuhfwlrq Prghov/� Mrxuqdo ri Dssolhg

Hfrqrphwulfv/ 7/ V478�V48<1

Judqjhu/ F1 Z1 M1/ dqg W1 K1 Ohh +4<<4,= �Pxowlfrlqwhjudwlrq/� lq Orqj0Uxq Hfrqrplf Uhodwlrqvklsv1

Uhdglqj lq Frlqwhjudwlrq/ hg1 e| U1 I1 Hqjoh/ dqg F1 Z1 M1 Judqjhu/ Dgydqfhg Wh{wv lq Hfrqrphwulfv/

R{irug1 R{irug Xqlyhuvlw| Suhvv1

Kdoguxs/ Q1 +4<<;,= �D Uhylhz ri wkh Hfrqrphwulf Dqdo|vlv ri L+5, Yduldeohv/� Mrxuqdo ri Hfrqrplf

Vxuyh|v/ 45+8,/ 8<8�9831

Khqgu|/ G1 I1/ dqg W1 yrq Xqjhuq0Vwhuqehuj +4<;4,= �Oltxlglw| dqg Lq dwlrq H�hfwv rq Frq0

vxphuv* H{shqglwxuh/� lq Hvvd| lq wkh Wkhru| dqg Phdvxuhphqw ri Frqvxphuv* Ehkdylrxu/ hg1 e|

D1 V1 Ghdwrq/ Fdpeulgjh1 Fdpeulgjh Xqlyhuvlw| Suhvv1

Ohdfkpdq/ O1 O1 +4<<9,= �Qhz Hylghqfh rq wkh Ulfdugldq Htxlydohqfh Wkhruhp= D Pxowlfrlqwhjudwlrq

Dssurdfk/� Dssolhg Hfrqrplfv/ 5;+9,/ 9<8�:371

Ohdfkpdq/ O1 O1/ dqg E1 E1 Iudqflv +5333,= �Pxowlfrlqwhjudwlrq Dqdo|vlv ri wkh Vxvwdlqdelolw| ri

Iruhljq Ghew/� Mrxuqdo ri Pdfurhfrqrplfv/ 55+5,/ 53:�5:1

Ohh/ W1 K1 +4<<5,= �Vwrfn0Iorz Uhodwlrqvklsv lq XV Krxvlqj Frqvwuxfwlrq/� R{irug Exoohwlq ri Hfr0

qrplfv dqg Vwdwlvwlfv/ 87/ 74<�7631

Skloolsv/ S1 F1 E1 +4<<4,= �Rswlpdo Lqihuhqfh lq Frlqwhjudwlqj V|vwhpv/� Hfrqrphwulfd/ 8</ 5;6�6391

Udkehn/ D1/ K1 F1 Nrqjvwhg/ dqg F1 Mûujhqvhq +4<<<,= �Wuhqg0Vwdwlrqdulw| lq wkh L+5, Frlqwhjud0

wlrq Prgho/� Mrxuqdo ri Hfrqrphwulfv/ <3/ 598�5;<1

Vlolyhuvwryv/ E1 +5334,= �Pxowlfrlqwhjudwlrq lq XV Frqvxpswlrq Gdwd/� Ddukxv Xqlyhuvlw|/ Ghsduw0

phqw ri Hfrqrplfv/ Zrunlqj sdshu 5334091
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}w @ ^�. +4� O,�` h4w . +4� O,
5
h5w

}w @ �h4w . �h4w � �h4w�4 . h5w � 5h5w�4 . h5w�5=

}w @ xw . �4xw�4 . �5xw�5

Wkh dxwrfryduldqfh vwuxfwxuh iru }w uhdgv

�
}
+3, @

k
+�. �,

5
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+4, @ �� +�. �,�

5

4 �
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5
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+5, @ �

5

5

�
}
+�, @ 3> m� m � 6=

Wklv lv d PD+5, surfhvv zlwk wkh qrq0}hur �uvw dqg vhfrqg dxwrfruuhodwlrqv1 Wkh �uvw dxwrfruuhodwlrq

frh!flhqw lv

�
}
+4, @

�� +�. �,�
5
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5

5k
+�. �,
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4k

+�. �,
5
. �5

l
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>

zkhuh

t @
�
5

4

�
5

5

lv wkh vljqdo0wr0qrlvh udwlr1

Iurp wklv zh fdq wu| wr lqihu ydoxhv iru wkh sdudphwhuv �4 dqg �5= E| ghqrwlqj

D @ ^�� +�. �, t � 7` E @

k
+�. �,

5
. �

5

l
t . 9

dqg diwhu vrph dojheud zh kdyh wkdw

�4 @
�5

+4 . �5,
D

dqg �5 lv rqh ri wkh urrw ri wkh irxuwk0rughu sro|qrpldo

�
7

5
. +5�E, �

6

5
.

�
D
5
� 5E . 5

�
�
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5
. +5�E, �5 . 4 @ 3=
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Revhuyh wkdw wkh frh!flhqw ydoxhv �4 dqg �5 vkrxog vdwlvi| wkh lqyhuwlelolw| frqglwlrqv iru wkh PD+5,

surfhvv }w= Wkh yduldqfh �5x lv irxqg iurp wkh iroorzlqj h{suhvvlrq

�5x @

k
+�. �,5 . �5

l
�54 . 9�55�

4 . �54 . �55
� ru �5x @

�55
�5

=

Ixuwkhupruh/ wkh iroorzlqj lqwhuhvwlqj uhodwlrq krogv

+4 . �4 . �5,
5�

4 . �54 . �55
� @

�5�54k
+�. �,5 . �5

l
�54 . 9�55

>

zklfk ixuwkhu ohdgv wr

�5�54 @ +4 . �4 . �5,
5
�5x=

'�� *��
��	� �� ��� ������
�� 	�
�������
�� 	���
���
�� �� ��
���
���

����	��� �������

Khuh/ zh fdofxodwh wkh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw huuruv iurp

wkh xqlyduldwh uhsuhvhqwdwlrq=

Y du +h%\>w.k � �h%[>w.k � �h%�[>w.k, @

@ Y du +h%\>w.k � �h%[>w.k, . �5Y du +h%�[>w.k,� 5�Fry +h%\>w.k � �h%[>w.k>h%�[>w.k, @

@ Y du +h%\>w.k, . �5Y du +h%[>w.k,� 5�Fry +h%\>w.k>h%[>w.k, . �5Y du +h%�[>w.k,�

�5�Fry +h%\>w.kh%�[>w.k, . 5��Fry +h%[>w.k>h%�[>w.k, =

Wkxv/ lq rughu wr fdofxodwh wkh yduldqfh ri wkh sro|qrpldoo| frlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvw

huuruv zh qhhg wr ghulyh wkh iroorzlqj h{suhvvlrqv=

Y du +h%\>w.k, @ +4 . �4 . �5,
5 +k� 5, +k� 5 . 4, +5 +k� 5, . 4,

9
�5x

.5 ++4 . �4, . 4, +4 . �4 . �5,
+k� 5, +k� 5 . 4,

5
�5x �

.++4 . �4, . 4,
5
+k� 4,�5x . �5x

Y du +h%[>w.k, @ Y du

#
k[

t@4

t[
l@4

h4w.l

$
@
�
k5 . +k� 4,

5
. ==. 4

�
�54 @

k +k. 4, +5k. 4,

9
�54

Y du +h%�[>w.k, @ k�54

Fry +h%\>w.k>h%[>w.k, @ �
k +k. 4, +5k. 4,

9
�54 . �

k+k. 4,

5
�54

Fry +h%\>w.k>h%�[>w.k, @ �
k+k. 4,

5
�54 . �k�54

Fry +h%[>w.k>h%�[>w.k, @ Fry
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t@4
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l@4
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$
@
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5
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Wkhvh h{suhvvlrqv ohdg wr wkh iroorzlqj uhvxow=

Y du +h%\>w.k � �h%[>w.k � �h%�[>w.k, @

@ Y du +h%\>w.k,� �5
k+k.4,+5k.4,

9
�54 � 5��k+k.4,

5
�54 � �5k�54 @

@ Y du +h%\>w.k,� �Y du +e%\>w.k,� �
5
5

�
@ ^Y du +h%\>w.k,� Y du +e%\>w.k,` . �

5
5

dqg vrph ixuwkhu vlpsol�fdwlrq ohdgv wr

Y du +h%\>w.k � �h%[>w.k � �h%�[>w.k, @

@ ��55k +k. 4,�54 . ++4 . �4, . 4, +4 . �4 . �5,k +k. 4,�5x

.7�5k�54 � 7 ++4 . �4, . 4, +4 . �4 . �5,k�
5
x . ++4 . �4, . 4,

5
k�

5
x

��
5
�
5
4 . 5 ++4 . �4, . 4, +4 . �4 . �5,�

5
x � ++4 . �4, . 4,5 �5x . �

5
x � ��k+k. 4,�54 � �

5
k�

5
4=

Dv vhhq wkh yduldqfh ri wkh pxowlfrlqwhjudwlqj frpelqdwlrq ri wkh iruhfdvwv huuruv iurp wkh xqlyduldwh

prghov lv ri jurzwk rughu R
�
k
5
�
= Wkh odvw h{suhvvlrq dovr uhdgv dv iroorzv

Y du +h%\>w.k � �h%[>w.k � �h%�[>w.k, @

@ ��55k +k. 4,�54 . ++4 . �4, . 4, +4 . �4 . �5,k +k. 4,�5x . ^5 +4 . �4 . �5,� ++4 . �4, . 4,`k�5x�

� ^+4 . �4 . �5,� ++4 . �4, . 4,`�5x . �
5
x � ��k+k. 4,�54 � �

5
k�

5
4

@ ��55k +k. 4,�54 . ++4 . �4, . 4, +4 . �4 . �5,k +k. 4,�5x.

.^�4 . 5�5`k�
5
x . ^4� �5`�

5
x . �

5
x � ��k+k. 4,�54 � �

5
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5
4
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